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Abstract
In this paper, we consider the exterior problem for spherically symmetric isentropic
compressible Navier-Stokes equations with density-dependent viscosity coeﬃcients
and discontinuous initial data. We prove that there exists a unique global piecewise
regular solution for piecewise regular initial density with bounded jump discontinuity.
In particular, the jump of density decays exponentially in time and the piecewise
regular solution tends to the equilibrium state exponentially as t → +∞.
Keywords: spherically symmetric Navier-Stokes equations; exterior problem;
discontinuous initial data
1 Introduction
In the present paper, we consider the exterior problem to N-dimensional isentropic com-
pressible Navier-Stokes equations with density-dependent viscosity coeﬃcients. In gen-
eral, the N-dimensional isentropic compressible Navier-Stokes equations with density-
dependent viscosity coeﬃcients reads
⎧⎨
⎩
ρt + div(ρU) = ,
(ρU)t + div(ρU⊗U) +∇P(ρ) – div(μ(ρ)D(U)) –∇(λ(ρ)divU) = ,
(.)
where t ∈ (, +∞) is the time and x ∈ RN , N is the spatial coordinate, ρ >  and u denote
the density and velocity, respectively. Pressure function is taken as P(ρ) = ργ with γ > ,
and
D(U) = ∇(U) +
T ∇(U)
 (.)
is the strain tensor and μ(ρ), λ(ρ) are the Lamé viscosity coeﬃcients satisfying
μ(ρ) > , μ(ρ) +Nλ(ρ)≥ . (.)
© 2013 Lian and Yang; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
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There are many signiﬁcant progresses achieved on the global existence of weak solu-
tions and dynamical behaviors of jump discontinuity for the compressible Navier-Stokes
equations with discontinuous initial data, for example, as the viscosity coeﬃcients μ(ρ)
and λ(ρ) are both constants, Hoﬀ investigated the global existence of discontinuous solu-
tions of one-dimension Navier-Stokes equations [–]. The construction of global spher-
ically symmetric weak solutions of compressible Navier-Stokes equations for isothermal
ﬂow with large and discontinuous initial data was derived by Hoﬀ [], therein it is also
showed that the discontinuities in the density and pressure persist for all time, convect-
ing along particle trajectories, and decaying at a rate inversely proportional to the viscos-
ity coeﬃcient. Hoﬀ also proved the global existence theorems for the multidimensional
Navier-Stokes equations of isothermal compressible ﬂows with the polytropic equation
of state p(ρ) = ργ (γ ≥ ) [, ]. The global existence of weak solutions was obtained for
the Navier-Stokes equations for compressible, heat-conducting ﬂow in one space dimen-
sion with large, discontinuous initial data by Chen-Hoﬀ-Trivisa []. The global existence
of weak solutions of the Navier-Stokes equations for compressible, heat-conducting ﬂu-
ids in two- and three-space dimensions was proved by Hoﬀ, when the initial data may be
discontinuous across a hypersurface of Rn []. Hoﬀ also showed the global existence of
solutions of the Navier-Stokes equations for compressible, barotropic ﬂow in two space
dimensions which exhibit convecting singularity curves [].
If the viscosity coeﬃcients μ(ρ) = ρα , λ(ρ) = , for the case of one space dimension, the
global existence of unique piecewise smooth solution to the free boundary value problem
was obtained by Fang-Zhang for (.) with  < α < , where the initial density is piecewise
smooth with possibly large jump discontinuities []. Lian-Guo-Li addressed the initial
boundary value problem for (.) with  < α ≤  subject to piecewise regular initial data
with initial vacuum state included [], Lian-Liu-Li-Xiao also consider the Cauchy prob-
lem for one-dimensional isentropic compressible Navier-Stokes equations with adensity-
dependent viscosity coeﬃcient []; in these two cases above, they proved the global exis-
tence of unique piecewise regular solution and proved the ﬁnite time vanishing of vacuum
state in []. In particular, they got that the jump discontinuity of density decays exponen-
tially, but never vanish in any ﬁnite time and the piecewise regular solution tends to the
equilibrium state as t → +∞.
Recently, there is also huge literature on the studies of the compressible Navier-Stokes
equations with density-dependent viscosity coeﬃcients. For instance, the mathemati-
cal derivations are obtained in the simulation of ﬂow surface in shallow region [, ].
The prototype model is the viscous Saint-Venant (corresponding to (.) with P(ρ) = ρ,
μ(ρ) = ρ and λ(ρ) = ). Many authors considered the well-posedness of solutions to the
free boundary value problem with initial ﬁnite mass and the ﬂow density being con-
nected with the inﬁnite vacuum either continuously or via jump discontinuity; refer
to [–] and references therein. The global existence of classical solutions is shown
by Mellet and Vasseur []. The qualitative behaviors of global solutions and dynami-
cal asymptotics of vacuum states are also made, such as the ﬁnite time vanishing of ﬁ-
nite vacuum or asymptotical formation of vacuum in long time, the dynamical behaviors
of vacuum boundary, the long time convergence to rarefaction wave with vacuum and
the stability of shock proﬁle with large shock strength; refer to [–] and references
therein.
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In this present paper, we consider the exterior problem for the spherically symmetric
isentropic compressible Navier-Stokes equations with density-dependent viscosity coeﬃ-
cients and discontinuous initial data and focus on the existence, regularity and dynamical
behaviors of global weak solutions, etc.We show that the exterior problem with piecewise
regular initial data admits a unique global piecewise regular solution, where the disconti-
nuity in piecewise regular initial density is bounded. In particular, the jump discontinuity
of density decays exponentially and the piecewise regular solution tends to the equilibrium
state as t → +∞.
The rest part of the paper is arranged as follows. In Section , the main results about
the existence, regularity and dynamical behaviors of global piecewise regular solution for
compressible Navier-Stokes equations are stated. Then some important a-priori estimates
will be given in Section . Finally, the theorem is proved in Section .
2 Notations andmain results
For simplicity, we will take μ(ρ) = ρα and λ(ρ) = (α – )ρα and D(U) = ∇U in (.). The
isentropic compressible Navier-Stokes equations become
⎧⎨
⎩
ρt + div(ρU) = ,
(ρU)t + div(ρU⊗U) +∇P(ρ) – div(ρα∇U) – (α – )∇(ρα divU) = .
(.)
The initial data and boundary conditions of (.) are imposed as:
⎧⎨
⎩
(ρ,U)(x, ) = (ρ,U)(x), x ∈ ,
U = , on ∂, lim|x|→+∞(ρ,u)(x, t) = (ρ¯, ), t ∈ [,T],
(.)
where  := R/r– , r– is a ball of radius r– centered at the origin in R, and ρ¯ >  is a
constant.
We are concerned with the spherically symmetric solutions of the system (.) in the
spherically symmetric exterior domain . To this end, we denote that
|x| = r, ρ(x, t) = ρ(r, t), U(x, t) = u(r, t)xr , (.)
which leads to the following system of equations for r > :
⎧⎨
⎩
ρt + (ρu)r + ρur = ,
(ρu)t + (ρu + ργ )r + ρu

r – α(ραur)r – αρα(
u




with the initial data and boundary conditions
⎧⎨
⎩
(ρ,u)(r, ) = (ρ,u)(r), r ∈ [r–, +∞),
u(r–, t) = , limr→+∞(ρ,u)(r, t) = (ρ¯, ), t ∈ [,T].
(.)
Next, we give the deﬁnition of weak solution to the exterior problem (.)-(.).
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Deﬁnition . (weak solution) For any T > , (ρ,u) is said to be a weak solution of the
exterior problem (.)-(.), if (ρ,u) has the following regularities:
⎧⎪⎪⎨
⎪⎪⎩
ρ ≥  a.e.,  < ρ – ρ¯ ∈ L∞([,T];L()∩ L()),
√
ρU ∈ L∞([,T];L()),
∇(ρα–  ) ∈ L∞([,T];L()), ρα∇U ∈ L([,T];L()),
(.)
and the equations (.) are satisﬁed in the sense of distribution. Namely, it holds for all













ρU · ∇ϕ dxdt = , (.)
and for all ψ = (ψ,ψ,ψ) ∈ C∞ (¯ × [,T]) that
ˆ















ργ divψ dxdt – 〈ρα∇U,∇ψ 〉 = , (.)
where the diﬀusion term makes sense as
〈







 (√ρU) · ψ dxdt





(√ρU) · (∇(ρα–  ) · ∇)ψ dxdt. (.)
For simplicity, we consider the initial data in exterior problem (.)-(.) with one dis-
continuous point ξ ∈ (r–, +∞), namely,
⎧⎪⎪⎨
⎪⎪⎩
ρ – ρ¯ ∈ L ∩ L([r–, ξ)∪ (ξ, +∞)), infx∈[r–,ξ)∪(ξ,+∞) ρ > ρ– > ,




 )r ∈ L([r–, ξ)∪ (ξ, +∞)), ru ∈H([r–, ξ)∪ (ξ, +∞)),
(.)





















































in this paper. Then we can give the main results as
follows.
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 , ν is a positive constant. Then there exist two positive constants ρ∗, ρ∗ and a




 < ρ∗ ≤ ρ(r, t)≤ ρ∗, (r, t) ∈ [r–, ξ (t))∪ (ξ (t), +∞)× [,T],
ρ ∈ L∞([,T];H([r–, ξ (t))∪ (ξ (t), +∞))),
u ∈ L∞([,T];H([r–, ξ (t))∪ (ξ (t), +∞))),
ur ∈ L([,T];H([r–, ξ (t))∪ (ξ (t), +∞))),
(.)






, ξ () = ξ, t > , (.)























where [f (ξ (t), t)] := f (ξ (t)+, t)– f (ξ (t)–, t), and along the discontinuity r = ξ (t) the jump
decays exponentially
∣∣[ρα (ξ)]∣∣e–Ct ≤ ∣∣[ρα(ξ (t), t)]∣∣≤ ∣∣[ρα (ξ)]∣∣e–Ct , (.)
where C, C are positive constants independent of time. Furthermore, the solution tends
to equilibrium state (ρ¯, )
∥∥(ρ – ρ¯,u)(·, t)∥∥L∞([r–,ξ (t))∪(ξ (t),+∞)) → , t → +∞. (.)
Remark . Theorems . holds for the Saint-Venant model for shallow water, i.e., γ = ,
α = .
Remark . (.) shows that the discontinuity in the density decays exponentially in
time.
Remark . For piecewise regular initial data, it can be shown in terms of the diﬀerence
schememade by Hoﬀ [], there is a (piecewise regular) weak solution to the exterior prob-
lem (.) and (.). In addition, there is a curve r = ξ (t) starting from ξ () = ξ, so that the























To extend the local solution globally in time, we need to establish the uniformly a-priori
estimates.
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3 The a-priori estimates






, ξ () = ξ, t > , (.)























where [f (ξ (t), t)] := f (ξ (t)+, t)– f (ξ (t)–, t). It is convenient tomake use of the Lagrange





ρ(r, t)r dr, τ = t, (.)
which maps (r, t) ∈ [r–, +∞) × R+ into (x, τ ) ∈ [, +∞) × R+. The relations between La-






Since the conservation of total mass holds, the curve r = ξ (t) in Eulerian coordinates is

























Meanwhile, the exterior problem (.)-(.) is reformulated to
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
ρτ + ρ(ru)x = ,
r–uτ + (ργ )x = α(ρ+α(ru)x)x – (ρ
α )xu
r ,
(ρ,u)(x, ) = (ρ,u)(x), x ∈ [, +∞),
u(, t) = , limx→+∞(ρ,u) = (ρ¯, ), τ ∈ [, +∞),
(.)
where the initial data satisﬁes
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
ρ – ρ¯ ∈ L ∩ L([,x)∪ (x, +∞)), infx∈[,x)∪(x,+∞) ρ > ρ– > ,
ρ(x – ) = ρ(x + ), |ρ(x + ) – ρ(x – )| < δ,
r(ρα )x ∈ L([,x)∪ (x, +∞)), √rρ (r
u) ∈ L([,x)∪ (x, +∞)),√
rρ(ru)x ∈ L([,x)∪ (x, +∞)),
√
rρ
(rρ(rρ(ru)x)x) ∈ L([,x)∪ (x, +∞)).
(.)
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First, we are ready to establish the a-priori estimates for the solution (ρ,u) to the exterior
problem (.). To obtain the a-priori estimates, we assumea-priori that there are constants
ρ± >  so that
 < ρ– ≤ ρ(x, τ )≤ ρ+, (x, τ ) ∈
(
[,x)∪ (x, +∞)
)× [,T], T > . (.)
Lemma . Let T > .Under the conditions in Theorem ., it holds for any solution (ρ,u)





































Proof Multiplying (.) by ru and integrating the result with respect to x over [,+∞),
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(C¯ + ρ–– )
ργ–α– ,
α




From (.) and (.), Lemma . can be obtained. 
Lemma . Let T > .Under the conditions in Theorem ., it holds for any solution (ρ,u)





























ργ+α–ρx r dxds≤ E, τ ∈ [,T]. (.)













x = . (.)











































z(z, t)dz = u(x, τ ), (.)
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≤ (Cˆ + ρ–– )∣∣[ρα ]∣∣(ρα–γ– ργ–α+ + ρα–γ– + ρ–(+α)– r–– )≤ E, (.)







(Cˆ + ρ–– )
E,
ργ–α–
(Cˆ + ρ–– )
E,
ρ+α– r–




The proof of (.) is completed. 
Lemma . Let T > . Under the conditions in Theorem ., there exist two constants  <
ρ∗ < ρ∗ such that
















ϕ(η)  ηα– dη. (.)









































r–– (E + E). (.)
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We can verify that










θρ¯ + ( – θ )η






θρ¯ + ( – θ )ρ
)γ– + ρ¯γ (θρ¯ + ( – θ )ρ)–) 
ˆ ρ
ρ¯






θρ¯ + ( – θ )ρ
























θρ¯ + ( – θ )η






































θρ¯ + ( – θ )η






θρ¯ + ( – θ )ρ
)γ– + ρ¯γ (θρ¯ + ( – θ )ρ)–) 
ˆ ρ
ρ¯

































θρ¯ + ( – θ )η









(η – ρ¯)ηα– dη
























where ν >  is a positive constant, and we denote the positive constant ν := min{ν,ν}.







ρ∗, ρ+ = ρ
∗, (.)
we can prove (.). 
Lemma . Let T > .Under the conditions in Theorem ., it holds for any solution (ρ,u)
to the exterior problem (.) that
∣∣[ρα (x)]∣∣e–Cτ ≤ ∣∣[ρα(x, τ )]∣∣≤ ∣∣[ρα (x)]∣∣e–Cτ , τ ∈ [,T], (.)
where C, C are positive constants independent of time.
Proof From (.), (.) and (.), we can get (.). 
Lemma . Let T > .Under the conditions in Theorem ., it holds for any solution (ρ,u)








































xs dxds≤ C, τ ∈ [,T], (.)
where C >  denotes a constant independent of time.
Proof Multiplying (.) by ρ–(+α)(ru)τ and integrating the result with respect to x over





























































































































































































































































































where C denotes a constant independent of time and  ∈ (, ) is a small constant which

























Diﬀerentiating (.) with respect to τ , multiplying the result by (ru)τ and integrating

















































































































































































































































where C denotes a constant independent of time, choosing the constant  small suﬃ-
ciently, we can complete the proof of Lemma .. 
Remark . By Lemmas .-., the following inequality holds:
 +∞








































uxs dxds≤ C. (.)
Lemma . Under the conditions in Theorem ., it holds for any solution (ρ,u) to the
exterior problem (.) that
∥∥(ρ – ρ¯,u)(·, τ )∥∥L∞([,x)∪(x,+∞)) → , τ → +∞. (.)
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Proof From Lemmas .-., we can obtain
ˆ +∞


























































which together with (.) implies





It holds from Gagliardo-Nirenberg-Sobolev inequality that
∥∥(ρ – ρ¯,u)∥∥L∞([,x)∪(x,+∞))
≤ ∥∥(ρ – ρ¯,u)∥∥ L([,x)∪(x,+∞))
∥∥(ρ – ρ¯,u)x∥∥ L([,x)∪(x,+∞)), (.)
which together with (.), (.) and (.) implies this lemma. 
4 Proof of themain results
Proof The global existence of unique piecewise regular solution to the exterior problem
(.)-(.) can be established in terms of the short time existence carried out as in [,
], the uniform a-priori estimates and the analysis of regularities, which indeed follow
from Lemmas .-.. In addition, one can show that (ρ,u) is also global weak solution
to the exterior problem (.)-(.) with initial data satisfying (.). We omit the details.
The large time behaviors follow from Lemma . directly. The proof of Theorem . is
completed. 
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